We define an overconvergent version of the Hyodo-Kato complex for semistable varieties Y over perfect fields of positive characteristic, and prove that its hypercohomology tensored with Q recovers the log-rigid cohomology when Y is quasi-projective. We then describe the monodromy operator using the overconvergent Hyodo-Kato complex. Finally, we show that overconvergent Hyodo-Kato cohomology agrees with log-crystalline cohomology in the projective semistable case.
Introduction
for Y quasi-projective and smooth over k.
On the other hand, one could instead relax the smoothness condition on Y . Let S 0 = (Spec k, N) be the standard log point, and let Y be a fine S 0 -log scheme. Then Grosse-Klönne [Gro05] defines the log-rigid cohomology H for proper semistable varieties Y over k, where W ω V i ֒→ P i into log smooth weak formal S 0 -log schemes for each i. For each H ⊂ I, choose an exactification of the diagonal embedding:
(this means that ι is an exact closed immersion and f is log-étale). Then the log de Rham complex ω × XK )). Then we have a short exact sequence of complexes
a → a ∧ θ, θ → 0
An equivalent approach
In this section we shall outline another definition of the overconvergent HyodoKato complex, this time in the style of [Mat17] , and we will show that the two definitions are the same. This will become particularly useful in §7.
In ([Mat17] , §3.4), Matsuue defines the log de Rham-Witt complex W Λ
• (S,Q)/(R,P )
for any morphism of pre-log rings (R, P ) → (S, Q), where R is a Z (p) -algebra, as the initial object in the category of log F-V-procomplexes. The construction is a logarithmic generalisation of the construction given in ( [DLZ11] , §1.3). Fix integers n ≥ d and let (B := k[T 1 , . . . , T n ], N d , e i → T i ) be considered as a pre-log ring over the trivial base (k, { * }). Then one has, in particular, the log de Rham-Witt complex W Λ 
of log de Rham-Witt complexes.
Proposition 3.1. The overconvergent Hyodo-Kato complex W † ω
• Y /k of the previous section is the same as [HK94] . This must be well-known to the experts, but the authors do not know of a proof recorded in the literature; it seems important to reconcile the two approaches, so we give a proof here.
Given a log F -V procomplex {E
Then this gives a filtration of log F -V -procomplexes which is compatible with F , V , d and the projections ([Mat17], §3.5).
are log F-V-procomplexes, so we have a map of log F-V-procomplexes
of short exact sequences (see ([Mat17] , Prop. 3.6) for the top row, and ([HK94], §4.9) for the bottom row) for each m ∈ N. Now one notices that
is the usual logarithmic de Rham complex, by definition. This gives
and then the diagrams give
4 Comparison with log-Monsky-Washniter cohomology
Let Y = Spec A be a semistable affine scheme over S 0 . Let Y ֒→ Z = Spec B be a closed embedding into a smooth affine k-scheme such that Y is a normal crossings divisor on Z, in other words A = B/(f 1 · · · f r ) and each B/(f i ) is smooth. LetB be a smooth W -algebra lifting B (this is always possible by [Elk73] ) and setÃ :=B/(f 1 · · ·f r ) for some liftingsf i ∈B of the f i , such that Y := SpecÃ is a normal crossings divisor inZ. That is, we have a diagram
We define the complexes
(logỸ ) denote the logarithmic de Rham complex ofZ with respect to the normal crossings divisorỸ . We set
and writeω
for the weak completion.
Definition. The logarithmic Monsky-Washnitzer complex of Y is defined to be
where
This is the logarithmic Monsky-Washnitzer cohomology, as discussed in
and that there is a short exact sequence of complexes
In this section we shall construct a morphism of short exact sequences from (2) to (1). We will then prove that the arrows become quasi-isomorphisms after tensoring with Q. 
These maps were considered in ( [Mat17] , §10), and become quasi-isomorphisms after tensoring with Q, by ([Mat17] , Lemma 10.9). In any case, this gives a map
Notice that the logarithmic differentials d log[f i ] along Y coincide with the logarithmic differentials as defined by Hyodo-Kato as the image of d log using the regular W -scheme X = SpecB/(f 1 · · ·f r − p). 
where we have identified 
Since the d log[f i ] are overconvergent, we may pass to the overconvergent subsheaves and get a map
Composing with (3) defines a comparison morphism
between the logarithmic Monsky-Washnitzer and overconvergent Hyodo-Kato complexes. Moreover, (5) and (6) give a diagram of exact rows 0 ω
We will use the weight filtration of Steenbrink to show that the vertical arrows (5) and (6) become quasi-isomorphisms after tensoring with Q.
Theorem 4.1. The comparison morphisms (5) and (6) induce quasi-isomorphisms
Via the Poincaré residue maps, the graded pieces of the filtration are identified as 
(the bottom row is exact because the Y I 's are normal crossings intersections). Similarly, consider the weight filtration of Mokrane [Mok93] on Wω
and set
By construction, the comparison morphism (5) induces maps P jω
for each j, and therefore repects the weight filtrations. Moreover, we have
, the graded pieces of the weight filtration are identified, via the Poincaré residue maps, as
and therefore
Since each Y I is smooth over k, we know by [DLZ11] that
, and therefore conclude that the comparison morphism (5) is a quasi-isomorphism when tensored with Q.
To show that the second comparison morphism induces a quasi-isomorphism after tensoring with Q, define a double complex
induced by (−1) j d, and the other differential
induced by ω → ω ∧ θ, and let B †• Q be the total complex of
and W † Ω
• YI /k ⊗ Q are quasi-isomorphic by the comparison theorem in the smooth case [DLZ11] . Now, the mapω
Q . This is ( [Gro05] , §5) in this context, but the argument goes back to [Ste76] . The same argument shows that the map
As we already noted that
Q , we conclude that the comparison morphism (6) is a quasi-isomorphism when tensored with Q.
Corollary 4.2. Let Y be a semistable affine scheme over S 0 . Then there is a canonical isomorphism
The comparison between log-Monsky-Washnitzer cohomology and log-rigid cohomology is more or less by definition (see ([Gro05] , §5.2)).
Comparison with log-rigid cohomology
Our aim in this section is to globalise the comparison isomorphism between log-rigid and overconvergent Hyodo-Kato cohomology. We note here that given a W -scheme X, we shall always writeX for the formal completion of X along the special fibre, andX K for the associated rigid analytic generic fibre.
Definition. Let Y = Spec A be a semistable affine scheme over S 0 . A semistable frame for Y is the data of a normal crossings divisor
of affine W -schemes where F is smooth over W and
Note that if (F, G) is a semistable frame for Y , then F is a special frame for Y in the sense of [DLZ11] Definition 4.1.
Definition. An overconvergent semistable frame for Y = Spec A is the data of a semistable frame (F = Spec B, G = Spec C) for Y along with a homomorphism κ : C → W † (A) which lifts the comorphism C ։ A of the closed W -immersion Y ֒→ G.
Let Y = Spec A be a semistable affine scheme over S 0 and suppose that (F, G, κ) is an overconvergent semistable frame for Y . Choose an embedding F ֒→ P into a proper smooth W -scheme and write G and F for the respective closures of G and F inside P. Let G k and F k for the special fibres of G and F , and let Y be the closure of Y inside G k . SinceĜ K is defined inF K by overconvergent functions, we can extend the normal crossings divisorĜ K ֒→F K to a normal crossings divisor V ′ ֒→ V where V is a strict neighbourhood ofF
We get the following diagram of strict neighbourhoods:
In order to define the comparison morphism, we will find it useful to have a rigid analytic description of log-rigid cohomology in terms of sheaves on strict neighbourhoods, in the style of Berthelot. Letω
• V be the complex given by the restriction of Ω
where θ = d log f 1 +· · ·+d log f s for the functions f i cutting out the normal crossings divisor V in V . We claim that we have the following Berthelot-style interpretation of log-rigid cohomology:
Proof. We shall only prove the first statement since the second is proved using exactly the same argument. In order to prove the lemma it suffices to prove that
Since ]Y [ G is a partially proper rigid space and ω
we have canonical isomorphisms
for all i, j. We conclude from the first hypercohomology spectral sequence that
The second statement is proved with exactly the same argument, but where one instead considers the log de Rham complex with respect to the base (K, N).
In [DLZ11]
and therefore morphisms
The universal property of the de Rham complex then gives a map
where u : U ֒→ Y is the smooth locus of Y , and this clearly factors through
The argument used after [DLZ11] (4.28) can be used verbatim to show that this factors through a morphism
Indeed, given another strict neighbourhoodṼ ′ ⊂Ṽ write αṼ ′ :Ṽ ′ ∩V λ,η ֒→ V λ,η for the inclusion. Then by the definition of j † we have
where the direct limit runs over all strict neighbourhoodsṼ ′ ⊂Ṽ . Therefore
where the isomorphism is by the quasicompactness of V λ,η . Now for eachṼ
) then gives the desired morphism.
If f 1 , . . . , f s define the normal crossings divisorṼ in V then f 1 · · · f s = 0, and hencef 1 · · ·f s = 0. Therefore d log[f 1 ] + · · · + d log[f s ] = 0 and the morphism (8) induces a morphism
Proposition 5.2. The morphisms (8) and (9) for overconvergent semistable frames are isomorphisms in the derived category and do not depend on the choice of overconvergent semistable frame for Y .
Proof. We first prove the independence assertion. Let (F, G, κ) and (F ′ , G ′ , κ ′ ) be two overconvergent semistable frames for Y . Let
is another overconvergent semistable frame for Y . Choose strict neighbourhoods V ,Ṽ ′ andṼ ′′ such thatṼ ′′ is sent toṼ andṼ ′ by the respective projections. By functoriality, the projections induce diagrams
and we see therefore that the morphisms (8) and (9) do not depend on the choice of overconvergent semistable frame for Y . To prove that the morphisms are isomorphisms, since we have already shown independence, we may as well work with the log-Monsky-Washnitzer frame (Z,Ỹ , κ) as in §4 for the overconvergent semistable frame for Y (remember that Y is affine). We then conclude by Theorem 4.1.
Theorem 5.3. Let Y be a quasi-projective semistable scheme over S 0 . Then the overconvergent Hyodo-Kato complex computes the log-rigid cohomology of Y :
be an open covering, and for J = {i 0 , . . . , i t } ⊂ I, let
By choosing a possibly finer covering, we may assume that Y J = Spec A J is affine and that A J = (A i0 )ḡ for some elementḡ ∈ A i0 , where Y i0 = Spec A i0 (compare the argument in ([DLZ11], Def. 4.33)). For each i ∈ J, choose a smooth affine k-scheme X i = Spec B i such that Y i is a normal crossings divisor in X i . We may assume that each X i is standard smooth in the sense of ([DLZ11], Def. 4.33)). We may also assume that X J := i∈J X i = Spec B J with B J = (B i0 )f for somef liftingḡ and such that Y J is a normal crossings divisor in X J . Let F i be a smooth affine W -scheme lifting X i , which is again standard smooth, and let Z i be a lifting over W of Y i which is a normal crossings divisor in F i (compare with ([Kat96] , Prop. 11.3)).
Now let F i0 = SpecB i0 and F ′ i0 = Spec (B i0 ) f for some lifting f off , and similarly let Z i0 = SpecÃ i0 and Z ′ i0 = Spec (Ã i0 ) g for some lifting g ofḡ. Set
Then, by the strong fibration theorem, the special frames (X J , F i0 × E) and 
Now consider the embeddings
Y J ֒→ i∈J Z i ֒→ i∈J (Z i × j∈J j =i F j ) ֒→ F i0 × E and Y J ֒→ Z ′ i0 × i∈J i =i0 Z i ֒→ i∈J (Z ′ i × j∈J j =i F ′ j ) ֒→ F ′ i0 × E where Z ′ i := Z i if i = i 0 Z ′ i0 if i = i 0 and likewise for F ′ i . Note that D J := i∈J (Z ′ i × j∈J j =i F ′ j ) = (Z ′ i0 × i∈J i =i0 F ′ i ) + i∈J i =i0 (F ′ i0 × Z i × j∈J j =i,i0 F i ) is a normal crossings divisor in F ′ i0 × E, and ]Y J [ †D J is a normal crossings divisor in ]Y J [ † F ′ i 0
×E
. Applying the strong fibration theorem and coordinate change argument as above, we get a commutative diagram of dagger spaces
where the dagger space M J , which is a normal crossings divisor in Q ×D n , is a sum of normal crossings divisors of the following form:-
Let ω
• MJ denote the logarithmic de Rham complex on the normal crossings divisor M J in Q ×D n , as defined in [Gro05] . Then for the case (a) we have a map ω
where Ω
• D n is the usual (non-logarithmic) de Rham complex onD n , and where the first map is the projection and the second comes from the comparison between the log-Monsky-Washnitzer cohomology and overconvergent Hyodo-Kato cohomology. For the case (b) we have a map 
into the overconvergent Hyodo-Kato complex (tensored with Q) of Y J . We claim, in analogy to ([DLZ11], Cor. 4.38) that the canonical morphisms
are quasi-isomorphisms. For now we will assume this claim; the proof is postponed until Proposition 5.4. Then (10) together with the claim gives a morphism
which is an isomorphism by Proposition 5.2. Now, as we range through the subsets J ⊂ I, we get an augmented simplicial k-scheme θ : Y • := {Y J } J⊂I → Y . We also get a simplicial object of special frames {(Y J , D J )} J⊂I , and this gives rise to a simplicial object of dagger spaces
The quasi-isomorphisms (11) glue to give a quasi-isomorphism of simplicial com-
as desired.
It therefore remains to prove the following proposition:
Proposition 5.4. Let M J be the dagger space considered in the proof of Theorem 5.3. Then the canonical morphism
The proof will occupy us for the rest of the section. By using the MayerVietoris exact sequence, it is easy to see that it suffices to prove the proposition separately for the two cases (a) and (b) above. That is, it suffices to prove that
are quasi-isomorphisms. We recall from the proof of Theorem 5.3 that we have
The proof for case (a) is easy. Indeed, in Proposition 4.37 and Corollary 4.38 of [DLZ11] , it is not needed that Q is a smooth affinoid dagger space. What is needed is that Ω 
Now we will treat case (b), which is more subtle. Since Q is an open subspace in the smooth affinoid dagger spaceQ, it is enough to show that
Note that we have ω
We have analogues of Lemma 4.45 and Lemma 4.47 of [DLZ11]:
Lemma 5.5. Let Q = Sp † A be a smooth affinoid dagger space and D n (m) the normal crossings divisor on the closed unit dagger n-ball D n associated to
be the complex with obvious differential. Let
be the dimension of the log-Monsky-Washnitzer cohomology of
Then Λ n is quasi-isomorphic to the complex (with zero differentials)
Lemma 5.6. With the same notation as above, let
be the analogous complex forD n and its closed normal crossings divisorD n (m). ThenΛ n is quasi-isomorphic to the complex
We can now follow the proof of ([DLZ11], Prop. 4.37).
be a union of dagger balls of ascending radius, and letD
be the corresponding normal crossings divisors. For notational brevity, write
is quasi-isomorphic to the global sections of the complex
is represented by the double complex with components
Therefore the morphism of double complexes
given on the (p, q)-entry by
induces a map of total complexes with kernel and cokernel
and
), respectively. It follows from Lemma 5.5 that the total complex associated to
with the correction d 0 = 1. Analogously, it follows from Lemma 5.6 that
) is quasi-isomorphic to
) is quasi-isomorphic to the total complex of the triple complex
which is quasi-isomorphic to the total complex of the double complex
(we note that the direct sums are finite since the d t = 0 for t greater than twice the dimension).
Since the double complex is acyclic with regard to the horizontal differential, the total complex is acyclic too, and hence
) is also acyclic. This proves Proposition 4.37 and Corollary 4.38 in [DLZ11] for ω
, and hence we conclude that Proposition 5.4 holds.
The monodromy operator
We follow the argument in [Mok93] but in the more general setting that Y need not be proper.
Let Y be a quasi-projective semistable scheme over S 0 . Define a double complex One also has that Θ ⊗ Q is a quasi-isomorphism. Indeed, this is a local question on Y , so we may reduce to the case that Y is a semistable affine scheme over S 0 , and this case was already shown in the proof of Theorem 4.1. Tensoring by Q gives the diagram 0
where the outermost vertical arrows are quasi-isomorphisms by the local argument given in the proof of Theorem 4.1, and hence we conclude that Ψ ⊗ Q is also a quasi-isomorphism. By construction, this shows that the map
induced by ν : B †•,• → B †•,• is exactly the connecting homomorphism on cohomology associated to the top short exact sequence.
It therefore suffices to prove that the connecting homomorphism gives the monodromy operator on H MJ is a quasi-isomorphism. This then defines the middle arrow in the diagram, which is therefore a quasiisomorphism. The monodromy operator on the log-rigid cohomology of Y is, by definition, the connecting homomorphism on cohomology associated to the top short exact sequence. 
